We present the first phenomenological study of the masses of orbitally excited This study shows that the 1/N c expansion provides an excellent framework for analyzing the mass spectrum, and uncovers a new hierarchy of operator contributions.
I. INTRODUCTION
It appears that QCD admits a useful and elegant expansion in powers of 1/N c , where N c is the number of colors [1] . There are explicit rules that determine the order in N c of any given Feynman diagram or matrix elements of any given operator. One can thus isolate first the leading contributions to the observable under consideration and then systematically include contributions that are proportional to higher powers of 1/N c .
One may question whether 1/N c = 1/3 is small enough to provide a valid phenomenological expansion parameter. Experience suggests that it is. For the ground state baryons, the large N c approach has been used successfully to study SU(6) spin-flavor symmetry [2] [3] [4] [5] [6] , masses [4, [7] [8] [9] , magnetic moments [4, 8, [10] [11] [12] , and axial current matrix elements [2, 4, 8, 12] .
The next natural step in this progression is studies of excited baryons, in particular of the mixed symmetry, negative parity 70-plet of SU (6) . There have been studies of the strong [13, 14] and radiative [15] decays of these states and of the structure of axial operator matrix elements [16] . Progress [17] along the lines of the present work has already been made with the first non-leading mass operators.
In this paper, we study the relative order 1/N c and 1/N 2 c corrections to the masses of the nonstrange members of the 70-plet. Qualitatively, we find that the large N c limit is accurate for the 70-plet, in the sense that all the mass operators-if one wishes, all the mass terms in an effective Hamiltonian-give contributions at or below the level estimated from large N c considerations. None are larger. Quantitative detail is added to this statement in Section III.
Before proceeding, we make some comments on the nature of the 70-plet and the nomenclature we use. We describe the state as a symmetrized "core" of (N c − 1) quarks in the ground state plus one excited quark in a relative P state. The wave function is antisymmetric in color and symmetric in SU(6) × O(3), where SU(6) is the spin-flavor symmetry and O(3) is the rotation group. We use SU(6) to classify the large N c baryon states and the transformation properties of the operators; however, we need not assume that SU(6) is an exact symmetry. In fact, while the leading order contribution to the masses is of O(N c ), 
Here, the m's are angular momentum projections, the α's are isospin projections. Note that S c = I c since the (nonstrange) core is symmetric in SU(6) indices, and we have written I c = I + η/2, where η = ±1. Note also that ρ ≡ S − I = ±1, 0. States with strangeness are defined analogously, except that SU(3) Clebsch-Gordan coefficients appear in that case.
For reasons of simplicity, we have restricted to nonstrange baryons in this work.
For S = I ± 1, the notation simplifies since c ±,± = 1 and c ±,∓ = 0. For S = I, Section II explains the operator analysis and gives matrix elements of a complete set of operators for the baryon states. Section III contains our analysis of physical masses and mixing angles. Closing comments are made in Sec. IV.
II. OPERATORS AND MATRIX ELEMENTS
Since the physically observed baryons are assigned to irreducible representations of the symmetry group SU(6) × O(3), it is natural to write all possible mass operators in terms of the generators of this group. O(3) is the group of spatial rotations and is generated by the orbital angular momentum operator ℓ i , while the spin-flavor group SU(6) has spin S i , flavor T a , and combined spin-flavor G ia generators. In the two-flavor case, these operators are defined by
where σ i and τ a are the usual Pauli matrices. The field operators q, q † , which we term Since the excited system consists of only one quark, at most one generator from among s, t, or g appears in any operator. A similar but stronger statement may be made for the core: Since we ultimately perform phenomenological analysis on cores with two quarks, at most two of the set {S c , T c , G c } are needed. However, operator reduction rules exist [8] that significantly reduce the number of core operators that must be considered. Finally, since
we are interested here in ℓ = 1 baryons, only operator combinations of ∆ℓ = 0, 1, 2 need be considered. Hence, only up to two factors of ℓ i are required. Indeed, when two ℓ's appear, it is convenient to use ℓ (2) ij , the rank two tensor combination of ℓ i and ℓ j given by
The explicit power of N c for a given operator is determined by using the usual large N c counting of 1/ √ N c for each quark-quark-gluon coupling, and considering the minimal number of exchanged gluons necessary to generate a given operator. To be specific, we decompose an n-body operator O as follows: The full set of operator reductions will be presented in a future publication [18] .
In any case, there are only 9 observables (masses and mixing angles) in the nonstrange ℓ = 1 system, and so only 9 independent operators are required. An independent basis is presented in Table I : All 3 occurring up to O(N 0 c ) (first considered in Ref. [17] ), and a selection of 6 at O(1/N c ) whose matrix elements, when combined with the first 3, are seen to be independent for N c = 3. With these operators denoted by O 1 , O 2 , . . . , O 9 , respectively, the nine independent mass matrix elements are given by
The coefficients c i are independent of N c at leading order, given our choice of operator normalization. These operator coefficients encapsulate all unknown strong interaction physics unspecified by the large N c spin-flavor analysis. In Table I we present the matrix elements O i j . Explicit spin and flavor indices are suppressed when their contraction is unambiguous.
III. RESULTS
In addition to the nonstrange mixed symmetry states defined in Sec. I, two mixing angles are necessary to specify the S = 1/2 and S = 3/2 nucleon mass eigenstates. We define
as in Ref. [13] . The mass eigenvalues and mixing angles can be expressed in terms of the coefficients c i of the operators presented in the previous section.
Since we have found an operator basis that completely spans the 9-dimensional space of observables, we can solve for the c i given the experimental data. For each baryon mass, we assume that the central value corresponds to the midpoint of the mass range quoted in the Review of Particle Properties [19] ; we take the one standard deviation error as half of the stated range. To determine the off-diagonal mass matrix elements, we use the mixing angles extracted from the analysis of strong decays given in Ref. [13] , θ N 1 = 0.61 ± 0.09 and θ N 3 = 3.04 ± 0.15. These values are consistent with those obtained in [15] from radiative decays. Solving for the operator coefficients, we obtain the values shown in Table II .
Naively, one expects the c i to be of comparable size. Using the value of c 1 as a point of comparison, it is clear that there are no operators with anomalously large coefficients. Thus, we find no conflict with the naive 1/N c power counting rules. It is interesting that a number of the operators appear to be unimportant in describing the experimental data (presumably due to the underlying dynamics). For example, of the two operators that contribute to the masses at O(1), the operator O 2 = ℓs has a coefficient which is suppressed relative to Using these observations, we can attempt to fit the data using judiciously chosen subsets of the original 9 operators. We fit to the seven mass eigenvalues as well as the two mixing angles θ N 1 and θ N 3 . The operator set we consider first are O 1 , O 2 , and O 3 ; these yield mass predictions accurate to order 1 in the 1/N c expansion, and thus present the first nontrivial spin-flavor symmetry-breaking corrections. We show the result of this fit in Table III . In short, the lowest order operators fail in reproducing the experimental data. Notably, the mixing angles are far off the mark, and the J = 1/2 ∆ state is predicted to be heavier than the J = 3/2 ∆ state. The difficulty in obtaining a good fit from a leading order analysis is an outcome that perhaps could have been anticipated: Naively, one might expect that the lowest nontrivial mass corrections are roughly a factor of N c = 3 smaller than the mean baryon mass, or approximately 500 MeV. The largest splitting within our set of seven baryons is ≈ 180 MeV, for example, in the case of the N(1700)-N(1520) mass difference.
Thus, we might have concluded a priori that 1/N c corrections are necessary in order to reproduce the detailed features of the mass spectrum.
In the remaining fits, we include 1/N c corrections. The 6 parameter fit shown in Table IV includes all the subleading operators that appear to be significant in Table II; More strikingly, Table II implies that we can discard additional operators and still obtain a reasonable fit. Notice that the smallness of the coefficients c 2 , c 4 , and c 5 renders the corresponding operators numerically unimportant, and thus they can be neglected if we are only interested in working to order 1/N c . In Table V we give a fit retaining the remaining three operators, O 1 , O 3 , and O 6 . The χ 2 per degree of freedom for this fit is 1.87, which is not bad considering that have only included two nontrivial operators. Notice that the particular operator choice for this fit leads to a degeneracy between the ∆ 1/2 and ∆ 3/2 which is lifted by the corrections that we have discarded. We do not display the fits corresponding to all possible choices for the subleading operators. It suffices to point out that these additional fits interpolate between the 6 and 3 parameter fits that we have presented in Tables IV   and V . One may also fit to the mass eigenvalues and predict the mixing angles. These fits are not qualitatively different from the ones given here, and will be presented in a longer publication [18] . The crucial observation is that the subleading operator O 6 = S 2 c /N c is the most significant ingredient in taking us from the poor fit shown in Table III to the good fits   in Tables IV and V. IV. CONCLUSIONS
The value of the large N c approach to baryon phenomenology is that it provides an organizing principle in constructing the baryon effective field theory. Studies of the excited baryon mass spectrum in the formative days of SU (6) found numerous operators [20] , but in that period there was no organizing principle available to select among them. Beginning with a complete operator basis that spans the space of any desired set of observables, large N c power counting rules tell us which operators may be discarded if we wish to obtain predictions to a desired level of accuracy. In this sense, our results for the masses and mixing angles of the nonstrange ℓ = 1 baryons are completely consistent with the large N c picture. We find no operator with a coefficient that is larger than what one would expect from the naive large N c power counting rules.
More interesting, however, is that at any given order in 1/N c , only some of the operators are of phenomenological relevance. The O(N 0 c ) coefficients c i that we have defined in our effective theory parametrize the long-distance physics that we cannot calculate. If we had found that these coefficients were of comparable size, we might have concluded that large N c counting arguments alone are sufficient to explain the detailed features of the mass spectrum. Quite the contrary, we find that only a few of our original set of operators are needed to reproduce the experimental data, most notably, the operators S 2 c and ℓ (2) gG c .
It is tempting to speculate that the importance of the operator S 2 c can be understood by considering the explicit nonrelativistic reduction of a one-gluon exchange interaction; the second operator, however, has a nontrivial flavor structure that does not correspond to the usual tensor interaction ℓ (2) sS c that one derives in this approach [21] . A fit analogous to that of Table V 
